We obtain a necessary and sufficient condition for the tautness of each closed subspace of a Hausdorff space X w.r.t. the AlexanderSpanier cohomology functor H°. This is used to give an example of a normal Hausdorff space on which the concepts of an L-theory and a continuous cohomology theory (as defined by Spanier) are not equivalent. Finally, we provide examples of non-taut subspaces with respect to the classical cohomology theories which possess some further curious properties.
Introduction. Let Ibeatopologicalspace, iclbeasubspace and {H
p } p >o be the cohomology functors of a cohomology theory for which all subspaces of X and inclusion maps among them are admissible. Since the set of all neighbourhoods of A in X is a directed set (directed downward by inclusion maps), we can form, for each p > 0 and each coefficient group G, the limit group
\im {H P (N, G)\N runs over all neighbourhoods of A in X}
where the bonding homomorphisms are induced by inclusion maps. Also, for each N we have the inclusion maps A -• N which induce a natural homomorphism (*) η: \im H P (N,G)^H P (A,G) . NDA We say that A is tautly embedded in X w.r.t. the cohomology theory (H p , δ) if for each coefficient group G and for each p > 0, the above map η is an isomorphism. (See [2] , [3] , [7] , [9] for basic results.) In order to establish the existence of non-taut subspaces for the Alexander-Spanier cohomology, Spanier proved ( [7] , Theorem 2) the following necessary condition: If each closed subspace of a space X is taut in X w.r.t. the zero-dimensional Alexander-Spanier cohomology functor Ή°, then X must be a normal space. Our first result of this paper is to show that normality of X is not a sufficient condition for each closed subspace of Xto be taut in X w.r.t. H°. In fact in §2, we prove that a necessary and sufficient condition for each closed subspace of X to be tautly embedded in X w.r.t. H° is that X be collectionwise 47 normal. In §3, we study the exact relationship between an L-theory as defined by Lawson [4] and every coUectionwise normal space is evidently normal HausdorfF. However, it is well known that the converse of none of the above is true. A HausdorfF space X is said to be completely coUectionwise normal if given a family {^4/} of closed (or arbitrary) subsets of X which is discrete in its union (called relatively discrete), there exists a discrete family {£//} of open sets of X such that A t c C/, for each /. Evidently each completely coUectionwise normal space is completely normal, but the converse is not ture. Also, note that every hereditarily paracompact space is completely coUectionwise normal while the converse is again not ture.
The following result is due to Spanier.
THEOREM ([7]
Theorem 2). If X is a space such that every closed {respectively arbitrary) subspace of X is tautly embedded in X w.r.t Ή°, then X is normal (respectively completely normal).
In particular, this tells us that each subspace of a paracompact Hausdorff space X need not be taut in X unless X is hereditarily paracompact. For instance, consider the usual Tychonoff-Plank X = [0, Ω] x [0, ω] where Ω is the first uncountable ordinal and ω is the first infinite ordinal ( [10] , p. 106). We know that X is compact Hausdorff but not completely normal and so it has a subspace which is not taut w.r.t. Ή° in fact, the deleted Tychonoff Plank T = X-{(Ω, ω)} is not tautly embedded in X. Likewise, since T is not normal, there is a closed subspace of T which is not tautly embedded in T. In fact, the closed subspace A = {(Ω, a)\a < ω} U {(α, ω)\a < Ω} of T is not tautly embedded in T.
When we use the full force of the arbitrariness of the coefficient group G for tautness, we obtain that collectionwise normality is indeed a necessary condition for each closed subspace of X to be taut in X. Then, interestingly enough, this necessary condition turns out to be also sufficient. We have
THEOREM. Let X be a T\-space. Then a necessary and sufficient condition for each closed (resp. arbitrary) subspace of X to be tautly embedded in X w.r.t H° is that X be collectionwise normal (resp. completely collectionwise normal).
Proof. We will prove the necessity part of the first case-the necessity part of the other case is similar. Thus we now assume that each closed subspace of X is tautly embedded in X w.r.t. Ή°. Then from Theorem 2.1 it follows that X is Hausdorff. Let {A a \a el} be a discrete family of closed subsets of X. Then, clearly A = |J{Λ*|α e /} is closed in X. Hence the natural map
is an isomorphism for each coefficient group G. Since any set can be given the structure of an abelian group, we can regard the indexing set / to be an abelian group. Now define a map /: A -• / by setting fφ) = a if b G A a . Then clearly / is a zero-cocycle on A. Since A is taut in X, this cocycle can be extended to a zero cocycle, say /, on some open neighbourhood of A. Because a zero cocycle is simply a locally constant function, f:U-+I must be a locally constant function on U and so U a = f~ι ({a}) , ot e /, is a collection of mutually disjoint open sets of X which separaie the family {A a \a e /} of closed subsets of X. Thus X is collectionwise normal.
Next we prove the converse part of the second case-the converse of the first case is analogous, and is omitted. Assume that X is completely collectionwise normal and A c X. We have to prove that the natural map η is an isomorphism for each coefficient group G and for p = 0. It is obvious that η is always one-one. To prove that it is onto, let /: A -> G be any zero cocycle on A, i.e., / is a locally constant function on A. Now decompose A = \JA a into mutually disjoint open sets A a relative to A so that f(A a ) e G. This means {A a } is a relatively discrete family of subsets of X. Since X is completely collectionwise normal, this family can be separated by mutually disjoint open sets {U a } of X. Now define /: (J U a -• G by hUa) = f(Aa) V Q . Then, clearly / 6 7t(U, G) and f\A = /. This proves that η is onto. D 2.3. REMARK. The Hausdorff condition is needed in all tautness theorems for Alexander-Spanier cohomology because there are closed subsets of a compact 7\-space which are not taut (see Example (4.2)). Now we give an example which shows that a closed subspace of even a completely normal Hausdorff space need not be tautly embedded w.r.t. Alexander-Spanier cohomology function H*.
EXAMPLE.
We consider the example given by Michael in ( [6] , p. 279, last paragraph) of a perfectly normal HausdorfF space X which is not collectionwise normal. Since a perfectly normal space is completely normal, X is completely normal Hausdorff. Therefore, by the above theorem there must be a closed subspace of X which is not tautly embedded in X w.r.t. Alexander-Spanier cohomology. In fact, there is a closed discrete subspace of X whose points cannot be separated by mutually disjoint open sets. Any such closed discrete subspace of X will not be taut in X.
Recall that a point subspace of any space X is tautly embedded in X [2] w.r.t. Alexander-Spanier cohomology. Since Michael's space mentioned above has a discrete family {x a } of points which cannot be separated by disjoint open sets, we conclude that the union of a discrete family of taut subspaces of a space X need not be taut in X. However, we have the following result which will be needed later on. 
, G) .
Since {|J C/^| A G Λ} is a cofinal system of neighbourhoods of \JA a in X and since the composition of all of the above isomorphisms is the natural map η, A = \J A a is taut in X. D
Continuous cohomology theories and L-theories.
In this section we will show that on a normal HausdorfF space the concepts of a continuous cohomology theory and an L-theory as defined in [8] , in general, are not equivalent.
If X is a normal Hausdorff space, we consider the category 3 of all continuous cohomology theories on X-the objects are continuous cohomology theories on X and the morphisms are natural transformations between them commuting with δ and δ 1 up to sign. Similarly, we consider the category 3 of L-theories on X. Let ^+ denote the subcategory of 3 consisting of all non-negative cohomology theories on X. Consider the two functors L: S+ -» 3 and S: 3 -• S + defined by Spanier ([8] , Theorem (3.1)). We refer to L as the restriction functor and S as the extension functor. If H e S+, then for any A G cl(ΛΓ) we have
(S o L)(H)(A) = S(L(H)(A)) = S(H)(A) = H{A).
Thus S o L = I s +, the identity functor. Conversely, for any H E3 ,
there is a natural map (LoS)(H)(A) = S(H)(A) = Um{H(N)\N a closed neighbourhood of A in X} -• H(A) induced by the restriction homomorphisms. Clearly, the above is a homomorphism from the Ltheory (LoS)(H) into H. If X is paracompact and H is additive, then it is shown in [8] that (LoS)(H) is also additive. Thus (LoS){H)
and H are two additive L-theories on a paracompact Hausdorίf space X which are isomorphic for point subspaces x e X. Therefore, by Lawson's Theorem [5] , the above map is an isomorphism for all A e c\(X). Thus, we have 3.1. THEOREM (Spanier) . If X is a normal Hausdorff space and L: S+ -> 3, S: 3* -> S+ are the Wo functors above, then SoL = I s+ .
Furthermore, if X is paracompact Hausdorff then for any additive Ltheory He3 f (LoS)(H) = H.
We now give an example to show that on a normal Hausdorίf space the two concepts are really different.
3.2. EXAMPLE. Consider the normal Hausdorff space X constructed by Michael [6] which is not collectionwise normal. Let (H, δ) denote the Alexander-Spanier cohomology theory in the sense of Eilenberg-Steenrod. Since each point x e X is tautly embedded in any closed set A of X containing x (in fact points are always taut in any space w.r.t. H*, see [2] for a more general result), (H, δ) is an L-theory on X. Then, (S(H), S(δ)) is a continuous cohomology theory on X. Since X is not collectionwise normal, there is a closed subspace A o of X by Theorem 2.2, which is not taut in X w.r. It is worth noting that the extension functor S preserves additivity on a collectionwise normal space; for paracompact Hausdorff spaces this was proved in [8] and the same method works in the case of collectionwise normal spaces yielding the following 3.5. PROPOSITION. Let X be a collectionwise normal space and H, Δ be an additive L-theory on X. Then SH, SA is an additive cohomology theory on X.
t. Ή .If Lo5 = 7> , then the natural map L o S(H)(A) -+ JΫ(^) must be an isomorphism for each ^4 e Cl(X). But (L o S)(H)(A) = L(S(Ή))(A) = S(H)(A) = lim{Ή(N)\N
3.6. COROLLARY. In Example (3.4) of [8] if H is an additive functor, then the function H defined there is also additive on any collectionwise normal space.
Examples of non-taut subspaces.
In this section we give examples for various theories {H p } to show that there are spaces X having a closed subspace A such that
for each p > 0 and each coefficient group G, but A is not tautly embedded in X w.r.t. {H p }. This implies that in the definition of tautness of a subspace in a space X, we must insist that the natural map η (see (*) in the Introduction) is an isomorphism for all p and all coefficient groups G. 
EXAMPLE (Singular cohomology). Let X = R
2 and AQ be the topologist's sine curve in X. Then we know that AQ is not taut in X w.r.t. singular cohomology ( [9] , p. 290). Now let us define point subspaces A n of X by for n = 1,2.... Consider the set A = \J{A n \n = 0, 1,2,...}. Then, evidently A is the union of a discrete family of closed subsets of X and X itself is collectionwise normal. Since AQ is not taut in X, A cannot be taut in X by Proposition 2.6. However, we assert that for any coefficient group G and for all p > 0, 
EXAMPLE (Sheaf cohomology)
. In this case our problem is (cf. [3] for tautness in sheaf cohomology) to give an example of a space X, a closed subspace A of X and a family φ of supports on X such that A is not 9?-taut in X and , Λ/Λ0|JV is a neighbourhood of ^ in X} for all /? > 0 and all sheaves A of abelian groups on X. The requirement that the two groups be isomorphic for all sheaves on X seems quite formidable and we have no such example. However, if we require only that the above groups are isomorphic for all constant sheaves on X then the needed example, similar to Example 4.1, is as follows: Let X = R 2 , A = {(n, 0)\neZ} and φ = {(0, 0}Ucld|/7_, where H-is the open half plane on the left of y-axis. Note that A o = {(0, 0)} is not φ-taut in X because for the constant sheaf A = Z any nonzero section s € H°(AQ , Z) can never be extended to an element s' in H® nU (U, Z) for any open neighbourhood U of A o . Since R 2 is collectionwise normal and A is the union of a discrete family of point subspaces Ao, A cannot be ζMaut in X. However, now one can easily verify that for any constant sheaf G on X TT°° f JΛ Q
